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262. 


ON THE EQUATION OF DIFFERENCES FOR AN EQUATION OF 
ANY ORDER, AND IN PARTICULAR FOR THE EQUATIONS 
OF THE ORDERS TWO, THREE, FOUR, AND FIVE. 


[From the Philosophical Transactions of the Royal Society of London, vol. cx. (for the 
year 1860), pp. 93—112. Received March 2,—Read March 29, 1860.] 


THE term, equation of differences, denotes the equation for the squared differences 
of the roots of a given equation; the equation of differences afforded a means of 
determining the number of real roots, and also limits for the real roots, of a given 
numerical equation, and was upon this account long ago sought for by geometers. 
In the Philosophical Transactions for 1763, Waring gives, but without demonstration 
or indication of the mode of obtaining it, the equation of differences for an equation 
of the fifth order wanting the second term: the result was probably obtained by the 
method of symmetric functions. “This method is employed in the Meditationes Alge- 
braice (1782), where the equation of differences is given for the equations of the 
third and fourth orders wanting the second terms; and in p. 85 the before-mentioned 
result for the equation of the fifth order wanting the second term, is reproduced. 
The formule for obtaining by this method the equation of differences, are fully 
developed by Lagrange in the Traité des Equations Numériques (1808); and he finds 
by means of them the equation of differences for the equations of the orders two and 
three, and for the equation of the fourth order wanting the second term; and in 
Note IIL he gives after Waring, the result for the equation of the fifth order wanting 
the second term. It occurred to me that the equation of differences could be most 
easily caleulated by the following method. The coefficients of the equation of differences, 
quà functions of the differences of the roots of the given equation, are leading 
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coefficients of covariants, or (to use a shorter expression) they are *'Seminvariants ()),” 
that is, each of them is a function of the coefficients which is reduced to zero by one 
of the two operators which reduce an invariant to zero. In virtue of this property 
they can be calculated, when their values are known for the particular case in which 
one of the coefficients of the given equation is zero. To fix the ideas, let the given 
equation be (v, 1” =0; then, when the last coefficient or constant term vanishes, 
the equation breaks up into v=0 and into an equation of the degree n—1, which 
I call the reduced equation; the equation of differences will break up into two equations, 
one of which is the equation of differences for the reduced equation, the other is the 
equation for the squares of the roots of the same reduced equation. This hardly 
requires a proof; let the roots of the given equation be a, #8, y, 8, &c., those of the 
equation of differences are (a— Bò, (a—y), (a — è, &e, (8— yy, (8—òÒ), (y —8y, ke.; 
but in putting the constant term equal to zero, we in effect put one of the roots, 
say a, equal to zero; the roots of the equation of differences thus become f8? y? & 
Ge, (8—y), (8-5), (y—8y, ke. The equation for the squares of the roots can be 
found without the slightest difficulty; hence if the equation of differences for the 
reduced equation of the order n—1 is known, we can, by combining it with the 
equation for the squarés of the roots, form the equation of differences for the given 
equation with the constant term put equal to zero, and thence by the above-mentioned 
property of the Seminvariancy of the coefficients, find the equation of differences for 
the given equation. The present memoir shows the application of the process to 
equations of the orders two, three, four, and five: part of the calculation for the 
equation of the fifth order was kindly performed for me by the Rev. R. Harley. It 
is to be noticed that the best course is to apply the method in the first instance to 
the forms (a, b,...Qv, l)" = 0, without numerical coefficients (or, as they may be termed, 
the denwmerate forms), and to pass from the results so obtained to those which belong 
to the forms (a, b,...Qv, 1)"=0, or standard forms. The equation of differences, for 
(a— 8), &c. the coefficients of which are seminvariants, naturally leads to the con- 
sideration of a more general equation having for its roots (a — 8)! (æ — yy} (x — 8y)?.., ke, 
the coefficients of which are covariants; and in fact, when, as for equations of the 
orders two, three, and four, all the covariants are known, such covariant equation can 
be at once formed from the equation of differences; for equations of the fifth order, 
however, where the covariants are not calculated beyond a certain degree, [they are 
now all calculated, see 141 and 143], only a few of the coefficients of the covariant 
equation can be thus at once formed. At the conclusion of the memoir, I show how 
the equation of differences for an equation of the order m can be obtained by the 
elimination of a single quantity from two equations each of the order »—1; and 
by applying to these two equations the simplifieation which I have made in Bezout's 
abridged method of elimination, I exhibit the equation of differences for the given 
equation of the order n, in a compendious form by means of a determinant; the 
first-mentioned method is, however, that which is best adapted for the actual development 
of the equation of differences for the equation of a given order. 


1 The term ‘*Seminvariant” seems to me preferable to M. Brioschi's term “Peninvariant.” 


Ki IV. Si 
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The equations successively considered are 


(a, b, c Jo;1» 3.0, 
(a, b, c, d Yu, 15 =0, 
(a, b, c, d, e Ov, 1) = 0, 
(a, .5,.0, ys e, f fo, AY #.0. 
The equation of differences for the quadrie, and that for the squares of the roots, 
are considered to be known, and the cther results are derived from them: it will be 


convenient to write down in the first instance the results for the quadrie, the cubic, 
and the quartic equations, and then explain the process of obtaining them. 


For the quadric equation, 


Equation of differences is, 0— 


Equation for the squares of the roots is, 0 — 


a x 
( Fa UL FANN ge ei Da gutter yo, 1). 


4.1 ac+2 c?+1 
b —1 


For the cubic equation, 


Equation of differences is, 0 = 


Yo, 1). 
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For the quartic equation, 


Equation of differences is, 0 = 


——_— | —"““~ 


ake +16 ace —192\a¥e® +256 

aid? +26 a’d’e +216 | a?*bde? —192 

abe — 6 abe? + 72|ac8 —128 

a bed — 30 a?bcde — 120 | a®cd’e +144 

a^? +28 abd — B4 |a'di — 27 

abd + 8 ace + 32 | ab’ce? +144 
abe — 24 | a*?d? + 18|ab*d'e - 6 yo 1) 
abec + 8 ab?de + 18 |abc'de — 80 TEN 

bs — 1 abecte — 6 |abe + 18 

abed + 49 |acfe + 16 

abed — 26|acid” — 4 

ac? 4.) be? — 97 

b*q* 9 | Bede + 18 

bed 6|Ud*- — 4 

pc 1 [Bote —-—4 

Berd? + 1 


Equation for squares of the roots is, 0 = 


| 


The multiplication of the equation of differences and the equation of the squares 
of the roots of the quadric equation, gives the equation, 0= 


a‘ x a x 
m TAN emamaa MM At 
( +1 ac+6 ave? + 9 ac" +4 yo, Ly 
b? - 2 ab*c — 6 ble? — 1 


where all the coefficients except the last are reduced to zero by the operator 


3a9, + 2ba. + Oa, 
31—2 
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and they are consequently (without any alteration) coefficients of the equation of differ- 
ences of the cubic equation: the last coefficient is not reduced to zero by the 
operator, and requires therefore to be completed by the adjunction of the terms in d 
(the series, here and in every other case, is of course a finite one, the number of 
terms might easily be calculated à priori. Let the value be L,-- Ld -- Lad’ +&c., we 
have L,=+4ac?—1b’c?; and putting for shortness V' — 3ad0,+ 2b0,, the operator which 
reduces this to zero is V’+cdg; we ought therefore to have 


02 VI -+da | VL +d | VL... 
+ cl, | cL, | 9cL, 


and consequently 


1 Vi 1 li 1 1 
L=—- VL, L=—, VL, L =—-; VL, &c., 


giving 
ja $ {(—6 +24 =) 18abe? — 4b'c} = — 18abc + 4l, 


pides 5 (— 54a'c + (36 — 36 =) 0 ab] = + 27a, 


L,290, &e., 


and consequently for the last coefficient the value above written down; it will be 
presently seen how in moré complicated cases the calculations should be arranged. 


Again, multiplying together the equation of differences and the equation for the 
squares of the roots of the cubic equation, we obtain an equation which it is not 
necessary to write down, as it can be at once formed by putting e=0 in the equation 
of differences for the quartic equation. And from the equation so obtained, by the 
adjunction of the terms in e, we find the equation of differences for the quartic 
equation, viz. each coefficient is of the form L,+L,e+L,e?+ &c., where L, is known, 
and such coefficient is reduced to zero by the operator | 


400, + 350, + 2c04 + do, ; 


or putting for shortness V' = 4a; + 3b0,+ 2cda, the operator V'--dO0,. We have there- 
fore 

1 
d 


oo, 
2d 


Mike 3d 


VL, L=-5;, VL, L=-z;, VL, Le 


It is to be observed that the last coefficient of the equation of differences is the 
discriminant, and that the above method of calculating the coefficients of the equation 
of differences, as applied to the last coefficient, is nothing else than the method of 
calculating the discriminant given in my Fourth Memoir on Quantics, [155]. 
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The multiplieation of the equation of differences, and the equation for the squares 
of the roots of the quartic equation, gives, in like manner, the equation of differences 
for the quintie equation, except as to the terms involving f; and these are obtained 
as above, viz. each coefficient is of the form ZL,+ L f+ L,f*-- &ce. where L is known; 
such coefficient is reduced to zero by the operator 


5ao, d 40, + 3004 + 2dòd. si eðr; 
or putting for shortness V'= 5a0, + 4b0, + 3c0q+2dd,, the operator V’+¢d,. We have 
therefore 


y ies. YON m. 
L--.VL, L=-5 VL, L--&VL, We, 


which give L, L, &. by means of L,. For the calculation of V'L (where L is any 
one of the coefficients L, L, ke), it is proper to separate the terms involving the 
different powers of e, and write L=M +Me+M,e+6. V'—V"--9d0, where 
V" = 5ad, + 100, + 3cda. We have then 


M- WM, +e) V'M fe) Wa ia 
+ 2d M, + 4d M, + 6d M;, 
or; what is the same thing, 
EFES V'M +e| Vna. 
+ 4d. M, + 4d M,; 


and as an equation which should be satisfied identically, and which would therefore 
serve as a verification, 


V’M, + 2dM, = 0; 
but, since a verification was obtained by other means, the equations of this kind were 


not used for the purpose. It may be interesting to give the actual calculation of 
one of the coefficients, say of coefficient 6? (which, with coefficient 0, was calculated by 


Mr Harley). 
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Calculation of coefficient 0? in equation of differences for the quintic equation 
(4,0, chi, e o AZA 
Calculation of Ly. 


Coeff. 6°. In eq. of diff. for quartic. 


ate! 4 512 —112= + 400 
a?bde? — 884 —512 + 56 — 840 
ae?e? — 256 + 256 — 384 + 24 — 360 
a?cd?e? + 288 4 432 +192 + 48 + 960 
a?d*e — 54 — 216 — 270 
abee + 288 +144 = 82 + 400 
abd e? = 12 + 384 — 72 — 25 + 275 
abede — 160 + 256 -- 1992 — 940 — 564 — 390 
a?bcd"e + 36 — 288 —108 + 120 — 240 
abd’ + 54 + 54 4 108 
a? cie? 4 32 — 128 + 64 + 17 ~~ 415 
a?c?d*e — 8 +144 + 36 — 32 + 140 
aed’ — 91 = 18 =+ 45 
ab*e — 54 + 6 =. 48 
al?cde? + 36 — 288 + 36 + 98 = 768 
ab’ de —- 8 4 12 - 18 A C. 
abee? - 8 +144 LI? M. +112 
abede + 2 +160 = 6 + 84 + 6 + 246 
ab?cd* — 86 = £2 — 78 
abc*de — 32 — 80 — 52 — 164 
abed? + 8 + 18 + 26 + 52 
acte + 16 + 8 4. 24 
acd? -— | EY ` a 
b5de? + 54 id: tB + 48 
bee — 27 + 2 a 195 
b*cd?e — 36 — 18 — 54 
b'di + 8 + 9 + 17 
b?c?de + 8 + 18 + 12 + 38 
bed? = 2 — 4 eer TID 
b?c5e — 4 — 2 a 


L,— A + Be + Ce 4- De + Ee, suppose, then 


-B= —C= — D= -E= 
ad +270 a?cd? — 960 abd +840 a" — 400 
abed +240 a?b?d? — 275 aX? 4-360 
aed — 140 abed + 390 a*b?c — 400 
abd? + 14 aue q^ T5 abi" + 48 
abed — 946 abcd +178 
abc*d +164 able? .— 112 
af o— 24 rae 748 
bed? + 54 geto 085 
bed — 38 
be + 6 


www.rcin.org.pl 


262] 


Caleulation of L,. 


Terms of L, f not involving e. 


5a0, + 460, + 3004 4d 
—f (V"B+4dC) viz. ~ E. = REA 
—B -C 
acd’ f + 1200 + 3240 — 3840 
bf + 210 + 960 —1100 
vberdf — 2460 — 1680 + 2160 + 1560 
a?c*df + 820 — 840 + 60 
ab*cd? f + 1080 -- 1968 + 126 + 712 
ab?e`df -- 570 + 2624 — 1476 — 448 
abe’ f + 60 — 576 + 492 
df + 216 — 192 
bie'df — 456 + 324 + 100 
Bei f + 120 — 114 


Terms of L,f involving e!. 


5a, + 4b0, + 3¢8q 6d 
ST Ge) van... cL 
-C — D 
a'bdèef — 2750 — 3840 + 5040 
acdef + 1950 — 5760 + 2160 
a'b'edef + 2670 + 3120 — 1650 — 2400 
a?be`ef — 1120 + 240 + 1170 
ab‘def — 1200 + 712 + 288 
ab?cef + 500 — 1344 + 534 
b'cef + 200 — 144 


Terms of L, f involving e. 


bad, 4b, 
SARN D ll ee UN 
a 


3eda 


+ 4200 
— 4000 
+ 960 


+ 2880 
— 1600 


wbeef + 2520 


abe f 


www.rcin.org.pl 


ON THE EQUATION OF DIFFERENCES FOR AN EQUATION OF ANY ORDER. 


247 


sa 


248 ON THE EQUATION OF DIFFERENCES FOR AN EQUATION OF ANY ORDER. [262 


Calculation of L,. 


L,= A + Be + Ce, suppose, where 


-48= -30 = 
abd + 715 ad —500 
aed + 825 abe — 700 
abed — 870 aD + 320 
dh? — 145 
abd +100 | 
able? + 155 
bc 998 | 


Terms of L,f? not involving e. 


5a, 4b6, 3064 4d 
ZIB AAO vinn V senn. 
-4B -4C 
Adf’ + 3875 — 2000 = + 1875 
a*bedf * — 8700 + 6600 + 4650 — 2800 — 250 
E — 795 + 2475 + 1750 
abd f® + 2000 — 3480 ' + 1280 — 200 
a? b?c? f? 4 2325 — 1740 — 2610 — 2025 
abtef? — 700 +1240 300 + 840 
absf? i! 112 A 
Terms of L,f? involving e. 
è að, Aba. 
— e" A"1C vit ie 2 n ORE MUT Webs AAT 
eo 
a'cef" - 3500 
— 2800 


"be" + 4800 


www.rcin.org.pl 


E 


248 ON THE EQUATION OF DIFFERENCES FOR AN EQUATION OF ANY ORDER. [262 


Calculation of L. 


L,-— A + Be + Ce, suppose, where 


-4B = -40 = 
abd +775 ad — 500 
wed + 825 abe — 700 
abcd — 870 abs + 320 
abo — 145 
abd | 4 100 | 
abe -+1959 
bc —* 28 | 


Terms of L,f? not involving e. 


bad, 4bò, 306, 4d 
eh? (VLR +4040) viz. on ee p— 
-4B -40 
aid?f? 4 3875 — 2000 = + 1875 
a?bedf ? — 8700 + 6600 + 4650 — 2800 — 250 
a? cf? — 725 4 2475 + 1750 
atti df 42000 — — 3480 A ANE O — 200 
abc? f? + 2325 — 1740 — 2610 — 2025 
ab*cf ? — 700 + 1240 + 300 + 840 


abf? REI See 


Terms of L, f? involving e. 


bad, 4ba, 300, 
— eA" 4C FPE at NOE ec diei: t 
ae 40 
a'cef" — 3500 — 1500 = — 5000 
abf? + 4800 — 2800 + 2000 
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Calculation of L, (gives L, = 0). 


L.— A + Be,. 


Terms of L,f*. 


— fwa 


abf’? 


and the required coefficient of @ is 
Lena Aube 
All the coefficients were calculated in this manner, except the last coefficient, 
which was deduced from the known value of the discriminant for the standard form. 


And we have thus the complete expression of the equation of differences for the 
general quintic equation under the denumerate form (a, b, c, d, e, f Yv, 1) — 0, viz. 


GUY. 32 
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Equation of differences for (a, b, c, d, e fv, 15 —0 is 


adf +200 | af +625 


+1 ake + 50 acf? +1750 
a'd? + 25 at | — 95 a'bef — 250 |a'def — 950 
«be — 20 a'bef — 120 acdf +400 | ae + 40 
abcd — 50 a'bde + 36 ace? — 360 | abf? — 700 
ac +80 ace +124 ade +260 | atbcef — 130 
abd + 16 acd? + 92 abdf — 110 | a*bd*f + 380 
abe — 81 abf + 32 abe +169 | a*bde + 142 
able + 30 abre — 98 a'b?f — 240 | adf + 240 
lo — 4 abd? — 44 a*bcde — 104 | ate — 522 
a*bc*d — 160 abd? — 104 | a'ed?e +. 708 

akt + 95 ate +196 |adi — 53 

abie + 18 ated? +118 | abef + 128 

abcd + 116 abof +150 | abee + 388 

ab? — 104 ade — 10 | a'bedf — 394 

abd — 20 abee — 180 | dde — 378 

a'bie? + 45 abcd? + 20 | bef — 144 

abc — 10 abed — 220 | abede — 480 

b8 + 1 ae + 66 |abed? — 156 

abf — 24 | ace + 194 

a*b*ce + 66 | déd* + 52 

abd — 3 |abd + 66 

abed +192 | abt? — 84 

abet — 66 | ebef + 194 

abe -— 8 | abcde + 330 

alicd — 66 | abd + 92 

abi? + 24 | abe — 152 

vd + 8 laboda 174 

Be. s - .., 3. ka'be'di.—.:,140 

ae +. 2 

abf — 70 

abide — 42 

abe + 32 

abcd? — 144 

abd + 100 

a — 18 

OF i+ tren® 

bte | — 2 

bd + 22 

ed — 16 

btc! + 3 
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($0, 1y^ — 0, viz. the function in @ is 


l+++1I+11+x+1 


lod 1 SPEI 


ab èt + 
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atdf? — 6250 
atef? — . 5000 


abof? + 3750 
abdef? — 250 
abf — — 2000 


acef? — — 3750 


acd? f? + 3000 
acdef + 200 
a?ce* + 320 
a'd`ef | — 450 
de — 40 
alb? f? — 1000 


abicef? + 1950 
adf — 1150 
abdef +1170 


abe'df? — 2100 
beef + 1380 


abcdef — 
2 + abcde — 
abdf + 70 a'bdif + 
ade + 275 abd€e + 
abeef + 290 wef? 4 
wbedf — 420 a*jdef — 
abede  — 390 ace T. 
abcde — 240 adf + 
abd?’ + 108 eed + 
adf + 40 aecdte | — 
a?c'e? = “15 ad’ + 
æde + 140 ab*ef* = 
a?c'di — 45 ab’cdf? + 1320 
ab'ef? + 840 abe?f | — 1230 
abidef | — 200 ab'def | — 
abe = 48 ab?de? + 
ab'cef | — 310 wef -— 
abcd’f — 50 ab*cdef + 
abcde | — 178 abee + 
ab? d*e - ]4 abc f — 
ab'?df + 130 abede — 
ab?) `+ 112 ab?d'e + 
abede + 246 abe'f | — 
ab?cd* —. 48 abcd*f + 
abe’ f L ou abc'de? — 
abe'de | — 164 abede + 
abed? + 52 abcd’ - 
acte + 24 ac"e? + 
acd? — 8 acide - 
bs f* —. 112 ac*d* + 
beef — + 56 df? — 
bef + 24 bef + 
bde + 48 beef? + 
bedf — 32 biedef — — 
biete —' 25 b*ce? — 
bice — 54 bia? f + 
b*d* + 17 bide + 
bòe'f + 6 b cef + 
b*c*de + 38 ped — 
bed PER py. bede + 
beche = 6 b?cd?e E 
bcd? + 2 bòdi + 
$ 


atf" 

a? bef* 
a?cdf ? 
a?ce? f? 
a'def? 
a'de'f 
a?e* 

a? b?df* 
abe? f? 
bef? 
abcdef? 
abcef 
abd? f? 
blef 
a?bde* 
aef? 
edf? 
aide f 
a?c*e* 
acd ef 
a?cd*e? 
ad’ f 
a?d*e? 
ab cf? 
ab'def? 
abe f 
ab?c?ef? 
ab?cd? f? 
ab?cde? f 
ab?ce* 
ab def 
Wb Pe 
abe'df? 
abc`e'f 
abc*d*ef 
abede 
abcedi f 
abed*e* 
ac’ f? 
actdef 
acte? 
adf 
adde 
bf 
bicef? 
bid? f? 
bide? f 
b'et 
Pedf 
beef 
Bed*ef 
bede’ 
b'dif 
pde 
bet f? 
b'e'def 
pcs? 
bed f 
pee 


4 3125 
— 9500 
— 9150 


146 Yo, 1ye 


ESE 
mn 
ru 
m 


l+1++i++11+#+x+1 
e 

— n 

for) for) 


JESS gt se 
bo 
-1 


++ | 
m 
e 


t T UE 
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It may be remarked, that if w is an imaginary cube root of unity, then the roots 
of the equation (1, 1, 1, 1, 1, lv, 15-0 are —1, w, œ, —w, —w'; the differences of 
the roots are 

—1—o, —1—o?, — 1 -- o, —1--o?, w—w), 2w, w-+w, e -- e, 20’, — e c o? 
= o , o ,-l+o —-lro, o-w, do, —1, -—1,2ow,-—o-cro, 
and the squares of the differences are 
Qs Y. Mins, 0905,73 90454 Ut jase, ey, 1,40, -3 , 
from which the equation of differences is found to be 
(62 4- 0 -- 1) (0 — 30 - 9) (+ 40 - 16) (0 — 20 -- 1) ( -- 60 4-9) 0; 
or multiplying out, it is 
(1, 6, 21, 46, 108, 546, 493, — 1410, — 567, —540, + 1296 50, 1-0; 
which is what the preceding expression of the equation of differences becomes upon 
writing therein a=b=c=d=e=f=1. Moreover, upon passing (as will presently be 
done) to the standard form, and then writing a=b=c=d=e=f=1, all the coefficients 


(except the first coefficient, which is equal to unity) should become equal to zero; 
these two tests afford a complete verification of the result. 


The following corrections have to be made in Waring's result, as given by himself 
and Lagrange (Waring, Phil. Trans. 1762). 
Waring, Meditationes Algebraice, p. 85: 
for+ 169 Qs read +196 q's (in coefficient w”). 
Lagrange, Equations Nwmériques, p. 108 : 
for--1200 CE read +200 CE (in d) 
for— 169 BD read —196 BD (in e) 
for— 25B read -- 25 B* (an f) 
for+ 27 CD read — 27 CD? (in k). 
It may be noticed, that if in the coefficients of the several powers of 0 (as they 
are written down in the columns, without regarding the power of a which multiplies 
the entire column), we attend only to the terms independent of a, we have the series 
1, b'—4 +6, b-4 +1, Ud --8, Uf + 8, ke, 
bc? — 3, bce — 2 
bid? + 22 
bed — 16 
bet + 3, 
the law of the first terms of which, up to the term +10, is obvious; but the term 
+10’, which is the last term of this initial series, is also the first term of a terminal 


series, the terms of which are deduced from the coefficients in the equation of differences 
for the quartic equation (a, b, c, d ev, 1):=0, viz. these coefficients are 
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It may be remarked, that if is an imaginary cube root of unity, then the roots 
of the equation (1, 1, 1, 1, 1, 1%v, 1F=0 are —1, w, œ, —w, —o’; the differences of 
the roots are 

—l—w, —1—o?, — 1 +w, —1--o?, w—w, 20, o+w, e? -- e, dw", — o +o’ 
= ew , w ,—-l+o, —l+o, o-w, 20, —1, -—1,92w —o+0’, 
and the squares of the differences are 
Q:, Boy, TO? m JW dy do nwa, Buche mS , 
from which the equation of differences is found to be 
(82 -- 0 -- 1) (0: — 30 -- 9) (0? -- 40 -- 16) (0 — 20 -- 1) (+ 60 -9) — 0; 
or multiplying out, it is 
(1, 6, 21, 46, 108, 546, 493, — 1410, — 567, — 540, -- 1296 $0, 1^ 20; 
which is what the preceding expression of the equation of differences becomes upon 
writing therein a=b=c=d=e=f=1. Moreover, upon passing (as will presently be 
` done) to the standard form, and then writing a=b=c=d=e=f=1, all the coefficients 


(except the first coefficient, which is equal to unity) should become equal to zero; 
these two tests afford a complete verification of the result. 


The following corrections have to be made in Waring's result, as given by himself 
and Lagrange (Waring, Phil. Trans. 1762). 

Waring, Meditationes Algebraice, p. 85: 

for+ 169 gs read 4-196 qs (in coefficient w”). 

Lagrange, Equations Nwmériques, p. 108: 

for--1200 CE read + 200 CE (in d) 
for— 169 BD read —196 BD (in e) 
for— 25 B* read+ 25 B* (in f) 
for+ 27 CTD* read —. 27 CD? (in, k). 

It may be noticed, that if in the coefficients of the several powers of 0 (as they 
are written down in the columns, without regarding the power of a which multiplies 
the entire column), we attend only to the terms independent of a, we have the series 

1, b'—4 +6, b—4, +1, Ud --8, Uf + 8, de, 
bc? — 3, bee — 2 
bòd? + 22 
bed — 16 
bet + 8, 
the law of the first terms of which, up to the term +1b:, is obvious; but the term 
+ 1b’, which is the last term of this initial series, is also the first term of a terminal 


series, the terms of which are deduced from the coefficients in the equation of differences 
for the quartic equation (a, b, c, d ev, 1):=0, viz. these coefficients are 
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af x at x a? x te. 
~~ A ox 


X1-ac-8 de c8 
b—3 wbd— 2 
we + 22 
abc — 16 
bug 3: 
and by writing b, c, d, e, f in the place of a, b, c, d, e respectively, and multiplying 
by b, we have the above-mentioned series, 
bè+1, bd+s, Ze. 
bsc? — 3. 
It is easy to see, à priori, in the case of an equation of any order, that this property 
holds good. 
Passing now to the standard forms: 
For the quadric (a, b, cv, 1y=0, the equation of differences is, 0 = 


a? x 4 x 
+1 ac+1 


( | bè —1 Yo, 1). 


For the cubic equation (a, b, c, div, 1} =0, the equation of differences is, 0= 


YO, 1). 


| 
af x 48a! x 8a? x 32 x 16 x 1152 x 256 x 


(a | a Ns | omm A 
4H | ‘ees 1 akt | ae. eT ae TE Th eee = eh a ae rol 
b —1l|abd— 4| aid? + 13 |a'bde + 56| a'de + 3 | a?bd? — 12 


ae + 99 | abe — 3iarce + 54| abe? + l | ae’e? — 18 
ab?c — 192 | abcd — 90 | a?cd? + 288 | a?bede — 10 | a?cd?e + 54 
D + 96| à +189 |a'bce- 192 | a'kbdi —12 |a'di — 27 
ebd + 64 |abd:— 400| ae’e + 6 | abee + 54 

wb? — 432 | abed —1944 | ede + 9 | able- 6 $ 

( able +384 |a&* +1377| abide + 4 | abede- 180 |90 1- 
bs —128 abe + 960| abee — 3 | abed? + 108 
abcd +3648 | abed? + 56 | ace + 81 
abe — 2592 | abd — 78 | acd? — 54 
bad ^—1536| ac + 397 [be — 27 
bc +1152 | bid —32 | Bede + 108 
bed +48 | bid: — 64 
bc? —18 | beke — 54 
bed + 36 
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For the quintic equation (a, b, c, d, e, f v, 1) — 0, the equation of differences. is, 


ax |100 af x 


+1 


6 
50 a* x 


@e + 1 
a'kbd— 4 
ac + 78 
ab?c — 150 
b + 75 


+ 154 


L7 


abf + 32 
abee — 980 
a*bd? — 880 
a*bcd — 6400 
ate" + 7600 
abe + 450 
abed + 11600 
ab? — 20800 
abd — 5000 
adic? + 22500 
abc — 12500 
b8 + 3125 


+ 46627 


e 
625 x 
aT a Y 
abef — 10 
a’cdf + 64 
a'c? — 144 
a'd'e + 208 
a'bdf — 44 
abe + 169 
abe f — 192 
abede— 416 
abd? — 832 
ate + 1568 
ated? + 1888 
acf + 300 
a'bide — 100 


abcd? + 800 


a'bc`d — 17600 
«c + 10560 
abf — 120 
a*b*ce + 3300 
abd? — 300 
` a? bcd + 38400 
a?b*c* — 26400 
abe — 1000 
ab’cd — 33000 
abi + 24000 
bd + 10000 
bà — 7500 


+ 91258 
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6 
2500 x 
avf? + 7 
a'def — 19 
ae + 2 
ab f? — 7 
a*bcef — 13 
abf + 76 
a'bde? + 71 
atc'df + 96 
ace — 522 
a'cd'e + 1416 
aid — 212 
a Def + 33 
ace? + —970 


a’bicdf— 394 
1890 
a'bóf — 288 
4800 
3120 
3880 
2080 
adf + 165 
abe? — 525 
acf. 970 
8250 
abd + 4600 
abes — 7600 
a'be'd+ 17400 
a'be'd — 28000 
a^ + 10000 


abf — 875 
ade — 2625 
abe + 4000 


abcd? — 36000 
abed + 50000 


ab? — 18000 
Uf + 250 
bce — 625 
bd? + 13750 
bed -— 20000 
btt + 7500 

+ 125515 


0=(%0, 1)* 20, viz. the function in Ó is 


e 0 


6250 x 62500 x 
ef? — 3 — 4 adf? - 1 afe + 1 
a'bdf? + 12 + 3 SENP + (04 abef? — 20 
abef + 30 ddef + 4 af + 3 aedf* — 120 
vef? + 40 ate! + 4 abdef? — 1 a'ce"f? + 160 
a*cdef — 172 abef? + 4 obef  — 20 ad'ef* + 360 
ake? | — 16 abedf? — 2 dev? — 30 a'deéf — 640 
adf + 112 abeerf + 28 ctf? + 48 ae? + 256 
aid'e€ + 228 @bdef — 62 acdef + 8 a'badf" + 160 
abc? — 98 abde — 84 acet + 32 ebef — 10 
&bdef — 8 CEF + 28 adef | — 36 abef? + 360 
ave — 59 wedef — 132 ade - 8 abedef* — 1640 
@beref + 116 acre — 72 adj? —..3 «beef + 320 
abcd f — 320 acdf + 96 abcef? + 39 abdf? — 1440 
abcde — 316 dcd'e? + 384 ad f* — 46 abde?f + 4080 
a'bd'`e - 2384 adie — 216 wbdef + 117 abdet — 1920 
acedf + 128 abdf? — 4 abe! + 18 a*cef* — 1440 
aj? — 1232 abef — 32 abedf? — 168 acd f*? + 2640 
ede + 4896 bef? — 81 abe'e'f + 276 e def + 4480 
adt — 1632 abcdef + 348 abcdef — 220 aces — 2560 
dbf? + 49 abc + 200 abede | — 504 a*cd"ef — 10080 
abcef + 180 ad +. 28 abdif + 144 acde® + 5760 
ad + 224 dde + 275 bde. + 276 adif + 3456 
abide + 460 abeef + 116 actif? + 108 ade — 2160 
abedf + 344 | abeédf — 336 | arctdef  — 264 | abe? — 640 
abe + 3880 abcéde  - 780 Pe — 448 ab'def”? + 320 
abcde + 3000 abcde — 960 | aedf + 96 ab'éf — 180 
abdi + 6400 abd? + 864 dede +1736 ab'cef? + 4080 
abe'f — 384 @edf + 64 acd'e — 1584 abed f? + 4480 
wbede — 20160 Åe — 60 ad? + 432 abcdef — 14920 
ace + 8480 eede +1120 ab*ef?* — 12 ab'ceé + 7200 Yo, T)” 
ddd — 1120 a? cid* — 720 abcdf? + 264 abd`ef + 960 
aef — 170 abf? + 84 ab*e?f | — 615 abd — 600 
ab'edf — 860 ab*def | — 100 abd'ef — 12 abc'df* — 10080 
abc? | — 4450 ab*e — 60 abdé + 45 abcef + 960 
ab*d'e — 2700 abicef | — 310 abf? — 180 abe'd'ef + 28480 
abede + 23400 abcd?f — 100 ab’edef +1188 abède — 16000 
ab’ef + 680 abcde — 890 ab)? +1410 abedif — 11520 
abcd? | — 29600 abid`e | — 140 abcd f — 616 abcd'? + 7200 


ab’cte | — 11200 


ab'?df + 520 abcde? | — 1140 acf? + 3456 
bd + 44800 


ab)? = +: 1120 ab'd'e + 120 actdef — 11520 


abd — 27200 abede + 4920 abc'ef — 288 acte? + 6400 
ac! + 6400 abed — 3120 abcd"f + 192 adf + 5120 
bdf + 400 abe’ f — 192 abcde  — 3720 acd'? — 3200 
b8e? + 1625 abcide | — 6560 abcd*e + 4640 bf? + 256 
Bef — 300 abd? + 4160 abed® — 1440 beef? — 1920 
bede | — 7500 acke + 1920 ache? + 1440 ddf? — 2560 
bd* . + 14000 acd? — 1280 acide — 1920 btdef + 7200 
bice + 4000 gy — 28 achd* + 640 b*e* — 3375 
bed? | — 24000 beef | + 140 bf? — 96 edf? + 5760 
bèe'd + 16000 FPF + 120 ef + 270 eef — 600 
bet — 4000 bde? + 600 vef +72 bcd*ef — 16000 
bi'df — 320 bledef — 600 Bede® + 9000 
bic?e? — 625 btce® — 675 bidif + 6400 
b*cd?e — 2700 bide f + 320 bd?  — 4000 
b*d* 4- 1700 bid'e? + 450 bletf?. — 2160 
bòe'f + 120 Beef + 180 Ucdef + 7200 
bde + 3800 bedf — 120 boe — 4000 
bed — 2400 bede = + 2100 Pdf — 3200 
bcte — 1200 b*cd?e — 2600 Pede + 2000 

b'e'd? + 800 bòdi + 800 

bcte? — 900 

bede + 1200 

bedt — 400 
+ 139884 + 23570 + 18666 + 128505 
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[where in each column after the first the sum of the positive coefficients is equal 
to that of the negative coefficients, and I have inserted at the foot this sum with 
the sign +. A single coefficient — 7500 in place of —3750 has been corrected.] 


The coefficients in the preceding equations of differences are functions of the 
seminvariants of the quanties to which they belong; for instance, in the case of the 
quartic, the coefficient of #4 is 


8a? (a? (ae — 4bd + 3c?) + 96 (ac — bF}, 
that of 6? is 


32 (— 13a? (ace — ad? — ble + 2bed — c") + 16a? (ac — b?) (ae — 4bd + 3?) + 128 (ac — ^y, 
and so for the other coefficients; and by replacing each seminvariant by the covariant 


to which it belongs, we pass from the solution of the original problem of finding the 
equation for 6 — (a — B, to that of the problem of finding the equation for 


Pe (a 6) t 
(2 — ay) (e — By? 
The results are as follows : 
For the quadric (a, b, cýæ, y}, the equation in 8 is, 0— 
(U2, 40 $6, 1), 
where U is the quadric, [] the discriminant. 
For the cubic (a, b, c, dijs, yy, the equation in @ is, 0 = 
(U4, 18U*H, 81H*, 270%, 1), 


where U is the cubic, H the Hessian, U the discriminant. 


For the quartic (a, b, c, d, eQz, y), the equation in 6 39,10 ze 
( Us, a 
n 

| 8U: (U*I + 96H?), 

32(-13U -16U*HI--198H*, — (6, 1), 

| 16(— 7U*P-—9288UHJ + 38411), 

| 1152(— 3UIJ + 2HP, 

| 956( DP —MIN, J 


where U is the quartic, H the Hessian, J and J the quadrinvariant and the cubin- 
variant respectively. 
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For the quintic (a, b, c, d, e, f fa, yy, the equation in 6, as far as it can be 
expressed in terms of known covariants, is, 0 — 


Ue, n 

| 100 U*(Tab. No. 15), 
50 U*[U*(Tab. No. 14) -- 75 (Tab. No. 15)*], 
: (6, 1)", 


3125 Discriminant (= Tab. No. 26) 


where the Tables referred to are those in my Second Memoir on Quanties, [141; for the 
completed equation see post p. 261]: 


The form of the preceding results may be modified by writing 0 2$ — U*; we have 


thus the equations for 
$ — a? (a — BY (x — yy} (æ — 8yYy ...; 


thus for example, in the case of the cubic (a, b, c, diz, y}, 
the equation for S [= à? (a — 8) (æ — yyy] is 

0=(1, 18H, SI, 370043, 2); 
this equation may be written 

(S+9H)I+270U=0; 
or putting o — V, we have 

v+IHv+ UV—270 =0, 
an equation the roots of which are 

a(a—8)(x—yy) a(B-y)(w—ay),  aly—a)—By), 


and which leads to the formula, given in my fifth Memoir on Quantics, [156], for the 
solution of a cubic equation. But this decomposition of the equation in $ is peculiar 
to the cubic. 


The equation of differences for an equation of any order may be found by the 
following entirely distinct method. Let the proposed equation (+#Qv, 1)'—0, be for 
shortness represented by $v = 0, and let x, y be any two distinct roots; we have not only 


dw=0, gy=0, but ako de dy =0, P7 o0. Writing 0=(0—y), s=0+y, we have 
Lb MAPLE) 
values which are to be substituted for æ, y in the equations 


$et$y- Fea 
Gi TV. 33 
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We have thus two equations rational in s and 0, and the elimination between them 
of the quantity s leads to the required equation in 6. But it is proper to modify 
the form of the system; in fact the two equations are, as regards s, the first of them 
of the degree n, the second of the degree » — 1; but if we write 


n ($e + gy) - EDH 0, ETA ne, 


then each of the equations will be of the same degree n—1 in s. 
For instance, let gv=(a, b, c, dXv, 1}, then w=4(s+ V6), y=4(s+vò); the 
equations ¢z+ dy — 0, fon ey = 9, are 


y 
8 .a.-- 38. 2b + 3s (4c + a0) + 8d + 650 — 0, 
32.a +3s .4b+ 12c+a0 zs; 


` and multiplying the first equation by 3 and the second by —s, adding and dividing 
by 2, we have an equation 


8? . 3b -- s (12c + 4a0) + 12d + 950 — 0. 


The second equation and this equation may be written 
(3a, 12b 12c+a0 Ys, 1» — 0, 
(3b, 12c -- 4a0, 12d -- 9b0 js, 1? — 0, 


and the elimination of s from these equations gives the required equation in 6. The 
result may be obtained under either of the two forms, 


{ à?8* 4- (15ac — 270) 0 — 36 (bd — c?)) {a0 + 3(ac — b?) +3 {2ab0 +3 (ad — bc)? — 0 
and 


(40°? + (24ac — 27%) 6 — 36 (bd — c*)) {a0 + 12 (ac — ?)) -- 3 { ab8 +6 (ad — bc): = 0, 


the expansions of which respectively coincide with the before-mentioned result. 


In the case of the quartic equation $v = (a, b, c, d¥v, 1)*— 0, we have 


st.a + 4s. 9b + 6s? ( 4c + a£) + 4s (8d + 600) + 16e + 24 cÓ + a&^ — 0, 
4s°.a+ 65. 4b-- 4s (12c+a0)+ 32d+8b0 2 


from which we derive another cubic equation; the two cubic equations thus are 


(4a, 24b , 48c+ 4a0, 32d+ 8b0 Qs 1% =0, 
(4b, 24c--10a0, 48d+44b0, 32¢+ 48c0 + 2a0* s, ly - O0, 


from which, if s be eliminated, we have the equation in 6. 
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Similarly, for the quintic equation gv=(a, b, c, d, e, f Yv, 15 — 0, we have 
$.aG4- 5s5*2b--10s ( 4c-- a0)4- 10s (. 8d + 650) 4- 5s(16e + 24c0 + a0?) +32 + 8000 -- 1000: —0, 
5s.a + 1057.45 + 10s? (12c-- a0) -- 5s (82d + 8b0)+ (80e+ 40c0 + ab?) 24. 
from which we derive another quartic equation; the two equations are 
(5a, 406 , 120c+ 10a0, 160d+ 4050 , 80e+ 40c0-- a6? s, l)= 
(50, 40c+20a8, 120d--130b0,  160e--280c8--12a6"  80f-- 200d0 + 25b6°%s, 1) — 


from which, if s be eliminated, we have the equation in 6. 


But we may apply Bezout’s method to the two equations each of the order n—1, 
which result from the equation of the nth order gv=(xQv, l)'—0. The process is as 
follows: Suppose, in general, that s is to be eliminated from the two equations 


19:0, ./Ga2.0, 
each of the order n —1; it is only necessary to form the expression 


FsGs' — Fs'Gs 


er, 


2 


which will be a function of s, s' of the form 


( Qo, o0 > do, 1;* * Do, M'Y T ike (s', LU art 
| 
Qo > 


An—s, 0: 


where the coefficients are such that a; ,,— ,,,; and by equating to zero the determinant 
formed with these coefficients, we have the result of the elimination. 


In the present case, writing for a moment $i(s-4-V0)— A, $1(s— V0) — B, and in 
like manner $i(s'4- 48) — A', pi(s — V0)— B', we have 


Fs - (A +B- 6552, Gn 7A, 
Fs —n(A' + B)— "T. Gs = A 


| and therefore 


Jos. Puls gS Oe eee BIE a) gn (4'- B). 


v8 
or reducing and dividing by s — s, 
_ FsGs'— Fs'Gs à 33 AB' — BA (A = DWA- B 
s—s P (s- —$ 2 0 


33—2 
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Hence, substituting for A, B, A’, B’ these values, we have the expression 


on $E V8) H4(8'— VO) — t(s — VO) p(s + V0) 


(6-8) V6 
, [$46 € V6) 3(6— 0) (4 (6 + VO) — 648 — YO) 
0 


which is of the form 
( to, 0 > A, 1»** A, an py (s, I" 


A, 0 , 


An—2) 0; 


and equating to zero the determinant formed with the coefficients, we have an equation 
in,Ó which is the equation of differences of the given equation ¢v=0. For instance, 
if the given equation is $v — (a, b, c, dv, 1y —0, then we have 
Sp4(s 4- V0) ( a, 2b -- aV, 4c + AbVÓ + a0, 8d + 12V 0 + 650 + a0VO Js, 1) 
=(A, B,.C, Dijo; Xy, 


864(s — V6)— (a, 2b — aVÓ, 4c — 4bVÓ + a0, 8d — 12cV0 + 6b0 — aV ð Ys, 1) 
— (A', B', C', Dis, 1); 
and the funetion in s, s' is 
3(AB — A'B) ss” 
+3 (AC — A'C) ss' (s +3’) 
6 | + (AD'— A'D)(s 4-8 +5") | 
V6 | +9(BC —BO)s f 
+3(BD' — B'D) (s+38’) 
+3 (CD —C'D) 


+3(4-4, B—B', C—-C, D-DGs, 19 (A—A', B- B, 0-0, D- D ýs, 1), 


which is equal to 
— 3a? s?8? 


— 12ab ss’ (s + s’) 
12. +(— 12ac — a0) (s? + ss’ +8”) 
| + (36ac — 72b? + 9a?0) ss' 
| + (24ad — '2bc + 12ab0) (s + s") 
. +96bd — 144c? + (— 48ac + 7207) 0 — 300? 
+ 4 (3as* + 12bs + 12c + að) (3as^ + 12bs' + 12c + ad); 
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or reducing and dividing by 32, this is 
(9 (ac — b ) + 3a? 0) ss’ + (9 (ad — bc) + 6ab6] (s + s^) + 36 (bd —c?) + (— 15ac + 2702) 0 — ab", 
the terms in $, s? disappearing, as they should do. Writing this under the form 
( 9(ac — 0)--3a?0, — 9 (ad — bc) + 6ab0 Vas, X) 
| 9 (ad — bc) 6ab0, 36 (bd =e) + (— 15ac + 2709) 6 — ae& | 


and equating the determinant to zero, we have the required equation in 8: the form 
is that obtained by the ordinary process of applying Bezout's method to the two equa- 
tions (3a, 12b, 12c + a0 (js, 1)? — 0, (8b, 12c + 4a0, 12d -- 800 s, 1) —0, being in fact the 
before-mentioned equation 


(a0? + (15ac — 27b?) 0 — 36 (bd — c?)) (a0 + 3 (ac — b?)) + 3 (200 +3 (ad — bc)? — 0. 


But, as already remarked, this elimination process is less convenient for the complete 
development of the result, than the method first explained in the present memoir. 


[The equation p. 257, changing the notation and inserting the omitted coefficients, 
becomes 0 — 


ge — $9.100x . 68.50x 87 . 2500 x 5.195 x 65 .625 x 65. 19500 x 
del | Ae) | B od p AUN dol ANN tes MÀ ad G yy al rip oss 219 
A*C* ++ 75 | AF + 1) AB — 19 | ABOC— 160 | ABA — 1545 


AC +29 | A?BC?+ 450 | APT + 60, AB + 230 
CF? + 800 | ACPD—1140 | AFT + 275 
C; +6325 | BF? + 280 | BEF + 1225 

BC? +3620 | PC? +11650 
CH + 1125 


0? . 16250 x 6?. 62500 x 8.62500x 609.3125 x 


ÆM — 336 | ABJ —20 | BM —16 | Q'« 1 
A'BG— 27| ADG — 3| BGu+ 9| 
ABD—2400| Bt +24 GH — l| 
| ACJ —1520 | BCG +19 | DJ — 48 
BC +3200 | PH —36 
BCH — 2800 | CM — 28 
CG +1625 


where the capital letters denote the covariants of the quantie as explained 141 and 143.] 
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